OcHOBBI BhICIIIEH aredpbl U TEOPUN KOJIMPOBAHMSI

[Tporpamma sk3amena, BecHa 2023

DK3aMeH COCTOUT U3 TPEX dacTeil: onpejeseHns u GOPMYJIUPOBKI OCHOBHBIX TEOPEM; JTOKA3ATE b
cTBa PAaKTOB M3 KypCa; perreHne 3a1ad.

DK3aMeH HAUNHAETCs C Oece/bl IO MMEPBOM YaCTH U MPU HEYAOBJETBOPUTEIBHOM OTBETE HA HEMl XKe
7 3aKaH4InBaeTcs ¢ pesyabraroM 0 6asos.

IIpu ynoBieTBOPUTENILHOM OTBETE Ha BOIIPOCHI IO IIEPBOU YacTH dK3aMeHyeMblil nosydaer ot 10 1o
20 6ay10B (B 3aBUCHMOCTH OT IIOJHOTHI OTBETOB) M €MY BBIIAIOTCS TEOPETUYECKUH BOIPOC M 337444
(TpYZHOCTD 3aJauu HA BBIOOD CTyJEHTa: IPOCTad, CPelHss, TpyjaHas). Teoperudyeckue BONPOCHI Obi-
BalOT JIBYX BHJOB: JICTKHII TEOPETHUYECKHII BOIIPOC C HOIIOJHUTEJIBHON MPOCTO 3aiadeil MM TPYIHBIA
TEOpEeTUIeCKnii BOIPOC 6€3 MOMOTHUTETHHON 38 Ia5 M.

Tlosmbrit oTBeT Ha TeopermdecKkuii Bompoc oreHuBaercd B 40 6asIoB.

TTostHOE perienne mpocToit 3aj1a4uu oreHuBaeTcs B 10 6as1oB.

TlosiHoe perienue cpesneit 3a1aun onenuBaercs B 20 6aJIoOB.

TlosiHOE perenne TpymHO# 3aga4u oneruBaercs B 40 6asLIoB.

1 Omnpenesteansi, GopMyJIMPOBKH TEOPEM

1. I'pynma.

2. Ilpumepsl rpymir: aaIuTUBHAS IPYIIIA BHIYETOB 10 MOIYJIIO 71, MYJIbTUILINKATUBHAS TPYIIIA BbI-
YETOB MO MOJLYJIO N, TPYIIa KOMILIEKCHBIX KOPDHEH U3 eJMHUIBI, TPYIIIA MEPECTAHOBOK (CHMMeT-
puvecKas TPYIIa), 3HAKOIEPEMEHHAsl TPYIIIA, [UKJINIeCKasl TPYIIIa, IPYIIa JUPA.

[Topsiok rpymmbl, MOPSIIOK JIEMEHTa TPYIIIIH.

YeTHOCTH EePECTAHOBKM.

[MukoBOe pasyioxkenue nepecraHoBku. Popmysia Jjisi MOPSIIKA T€PECTAHOBKU.
Iloarpymma.

Ornmcanve OArPYII MUKJIMIECKONH I'PYIIIBI TIOPSIIKA 7.

Ornucanue TOArpynn GECKOHEYHO TUKIMIECKOM TPYIIIEL.
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CMexxHbIe KJIACCHI 110 TIOAIPYIIIIe.

10. Teopema Jlarpamxa. Mamas reopema @epma. Teopema Dittepa.

11. Oyuruus Ditnepa. CBOWCTBO MyJIBTUILIMKATUBHOCTH (PYHKIMK Ditjepa.

12. IIpamoe mpousBeseHne TPYMII.

13. Compsizxennbie 3emMmenTsl. CONpsizKeHHBIE TOATPYIITbl. HOpMasIbHbIE TOMPYIIIIHL.
14. Kpurepuii cONpsi>KeHHOCTHU TI€PECTAHOBOK.

15. Tomomopduamer rpymi. ClOpbeKTUBHBIE U WHBEKTUBHBIE TOMOMOpPGU3MBI. 30Mopdu3mMbr u aB-
TOMOP(U3MBL.

16. dapo romomopdusma.
17. ®akroprpynna.

18. Teopema o romomopdu3Max rpyI.
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HeiictBus rpynn. Opbura, cTabuain3arop.

Teopema Kamn.

Jlemma Bepucaiiia.

Kombro. Bujer Kosern: KoMMyTaTHBHBIE, TIEJIOCTHBIE, TIOJIS.
XapakTtepucTtuka 1moJjisi. IIpocrsre moJist.

Buzapr ssemenToB Kobiia: 00paTUMBbIE SJIEMEHTHI, JETUTETN HYJIs.

HpI/IIVIepr KOJIeI: KOJIbIla BbIYE€TOB IIO MOJLYJ/IIO T, KOJIbIla MHOI'OYJIEHOB C KOSCI)(I)I/ILI‘I/IGHTEM\/II/I B
KOMMYTAaTUBHOM KOJIBIIE.

Crenenb MHOTOWIeHA. JlorapudMuieckoe CBOWCTBO CTEIICHH.

Kopenb muorousiena. Jlemma o KoJimdecTBe KOpHEH MHOTOYJIEHA.

Ksagparnamrbie Beraersl. Kpurepuit KBaIpaTUIHOTO BBIYETA IO IIPOCTOMY MOIYJTIO.
ITukTU9IHOCTD MYJIBTUILINKATUBHON IPYIIIHI KOHETHOTO TIOJIS.

N neansr B KoJIbIIE.

KoubIta K1accoB BBIMETOB IO MOY/IIO HJIeaa.

Teopema 0 MaKCHMAJIBHBIX UEAJIAX.

EBkimnose!r Kombia.

Teopema 06 ujeaiax B €BKJIAIOBBIX KOJIBIAX.

CoorHotenne MeXKIy IeJIMMOCTHIO 3JIEMEHTOB €BKJINI0BA KOJIbIA U UICAJAME ITOTO KOJIbIA.
OcHoBHas1 TeopeMa apupMETUKHU I €BKJIMJIOBBIX KOJIEII.

IIpsamas cymma Kourerr.

Kuraiickas Teopema 006 ocTaTKax st €BKIUIOBBIX KOJIEIL.

Henpusoaumbie MHOMOUIEHBI.

BekTopnoe mpocrpancTso Hag moseM. baswuc.

Anrebpandyeckoe paclInpeHue moJIs.

IToste pazioxkenunst Muorodsiera. TeopemMa O MMOJI€ PA3JIOKEHNST MHOTOUJICHA.
MI/IHI/II\/I&J'H)HI)II;’I MHOI'OYJIEH.

IIpoussonnas muorounena. ToxmaecTso JleitbHuia.

CooTrHollleHre MeXK/y CYIIECTBOBAHMEM KPATHBIX KODHEH MHOTOWIEHA W B3aHMMHOI ITPOCTOTOM
MHOTOYJIEHA W €TI0 ITPOU3BOJIHOM.

Knaccudukanmst KOHEIHBIX TOJIEH.
CTpyKTypa HOIoell KOHETHOTO TOJIs.
Koppekrupyromuit kon. Komosoe paccrosinue.
I'panumna Xsmmvuara.

I'panuna Bapmamosa—I'uibepra.
IMukuaeckuit Ko,

Ko Xsmmusra.

Kox BUX.



2 Teoperudeckuii Bompoc
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JIérkme BompoCkI

KomaecTBo MOpoKIAIONIIX B KOHEIHON UKJIXIECKON IPyTIIe.
ITopsiiok 3JjieMeHTa B IIPSIMOM IIPOU3BEIEHUN TPYIIIL.

Ilopst;iok epecTaHOBKH.

JleMMa 0 TiepeceveHnN KJIACCOB CMEXKHOCTH.

CooTHOIIIEHNE MKy TOPSIIKOM I'PYIIIbI, TOPSIIKOM U WHJIEKCOM MOJIPYIIIHI.
Teopema Jlarpamxa.

Manas Teopema Pepma.

Teopema Ditepa.

HopmasibHbIe IpylIbl U sipa TOMOMOP(HU3MOB.

JleMMa 0 TiepeceveHnn KJIACCOB COMPS?KEHHOCTH.

Brruuciienve nopsakoB Ipynil NpaBUIbHBIX MHOIOTDAHHUKOB.

. [eficTBue Tpynmbl COMPSKEHUSIMUA.

XapakTepucTuKa IoJist — IPOCTOE THUCIIO.
Kosbio muOrOWIeHOB ¢ KO3hdUIMEHTAME B [I0JIe HE COIEPKUT JeJTUTESIEH HYJIs.
Jlorapudmumdeckoe CBOMCTBO CTEIEHN B KOJIBIIE MHOTOYIEHOB € KOI(MMUIIMEHTAME B MIOJIE.

Kpurepuit iesimMocTdn MHOrOUJI€Ha HA MHOTOUJIEH TIEPBOH CTeleHn & — ¢ (B KOJIbIle MHOTOYJIEHOB
¢ ko3 dunuenramu B nose).

A apa romoMopdU3MOB KOJIEIT U ABYCTOPOHHUE HICAJIBI.
CoorHoIleHne MeK 1y KOHEUHBIMH TI0JISIME U TOMOMOPdHBIME 00pasamu Koublia Fz] (F — noue).
Teopema 06 mmeasax B €BKJINIOBBIX KOJIBIIAX.

CooTHoIeHne MeXKTy KOJMYECTBOM KOpHEH MHOrowieHa u3 F[z] u crenenbio Muorowiena. (F—
nojie. )

Kpurepuit kBapaTndnoro Berdera.

Kpurepuit HenmpuBOIUMOCTA MHOTOYWIEHOB CTEIIEHHN HE BBIMIE 3 B KOJIHIIE MHOTOUJIEHOB C KO3 du-
[IMEHTAMU B IIOJIE.

MuHUMATBHBIT MHOTOYJIEH HEITPUBOIIM.
Apromopdusm Ppobenunyca.

I'panuma XsmMuHra.

I'panuna Bapmamosa—I'nibepra.

ITocTpoenne koma XamMmuHTA.
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Tpyaabie Bompockl

Kpurepuit 06paTuMOCTH BBIYETA 10 MOJYJIIO N.

Teopema 0 romoMopdusMax rpyI.

CropbeKTUBHBIN TOMOMOPMU3M U3 CHMMETPHIECKON I'PYIIIBI B IPYIITY MOPSIIKA 2.
Kpurepuii conpsKEHHOCTH TT€PECTAHOBOK.

CooTHoIIIeHre MEeXKJTy MOIIHOCTHIO OPOUTHI, MTOPSIIKOM CTAbMIN3ATOPA U TOPSIKOM TPYIIIIBL.
Jlemma Bepacaiina.

Teopema Kamm.

ukAM9IHOCTD MYJIBTUILIMKATHBHOM IPYIIIBI KOHEYHOT'O I10JIS.
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TeopeMa O MaKCHUMaJIbHBIX HJecaJjiaX.
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OcHoBHast TeopemMa apudMETUKY JJIsI €BKJIUIOBBIX KOJIEII.

—
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Kuraiickast TeopeMa 00 ocTarkax JJId €BKJIMJOBBIX KOJICIL.
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. MynprunimkaTuBHOCTD DyHKIHUHA Dilaepa.

—_
w

. @opmyna st yHKIMN Ditaepa.
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. TeopeMa O ITI0JIEe PA3JIOZKEHHA MHOI'OYJICHA.
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. CymecrBoBanue 1oJist ¢ p™ 9JI€MEHTAMM.

—
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. E,ILI/IHCTBBHHOCTB I10JI4 C pn QJIEMEHTaMMU.
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Pazyoxkenne muorounena xP — x Ha HEIIPUBOJIMUMbIE MHOXKUTEJIN Ha/l I10JIEM Fp.
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. HO,&HO.HH KOHEYHBIX IOJIE: KpI/ITepI/IfI CyIIeCTBOBaHNU A, € JUHCTBEHHOCTD.

—
Ne]

. PaSMepHOCTI) IMUKJINYECKOTI'0 KOJa.
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. ITocTpoenne koma BUX.

3 Twumnossle 3amaun

IIpuBonsiTcsa npuMmepHbIe 3312491, HA SK3aMEHE MOI'YT OBITH JIDYTHE ITOXOXKEr0 YPOBHS CJIOKHOCTH.

3.1 IIpoctbie 3amaun

1. Ilopsinok siemenTa g rpymusl G paser 104. Yemy paBeH HOPsIIOK 3jeMeHTa g9 7

2. B rpynmne (Q, +) panuoHATIBHBIX YHCEJI TI0 CIOKEHUI0 PACCMOTPUM MOArpymiy G, HOPOXKISHHYIO
qucsnamu 1/2, 1/6, 1/7 (HauMeHBIIYIO TIOArPYIILY, KOTOPasl COJEPXKUT BCE ITU INCJIA). BepHO Jin,
g0 yncaa 1/9 u —7/27 upuHaJIeKaT OJHOMY KJIACCY CMEXKHOCTHU 110 noarpymnie G?

1100500

3. Boraucsmre (a) 12257 mod 17; (6) 101! mod 121; (8) 262 mod 14.
4. Hemnrcs o 25°4 — 1 ma 1077
5. Haittu mopsiiok nepecranoBku (12345)(6789).

6. Pemmmre ypasuenue x o (14)(23)(7869) = (123)(456)(789) B rpymme Sg IepeCTAHOBOK U3 9 31eMeH-
TOB.

7. CymiecTByer Jjii 3jieMeHT mopsiaka 48 B S1o7

8. lokakuTe, YTO BCE IJEMEHTHI B KJIACCE COIPS?KEHHOCTU MMEIOT OJMHAKOBBIH ITOPSIOK.
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3.2

JlokazkuTe, 9TO €CJU JIEMEHTHI T,y B KOHEYHON I'DYIINE CONPSZKEHDbI, TO HAMMEHBIII MOPSI0K
HOpMaJIbHOH HO/ITPYIIIBI, colepzKalieit £, paBeH HauMeHbIIIeMy ITOPAJIKY HOpMaJIbHOM HOATPYIIIbI,
cozepzkaeit y.

IIycts ¢: G1 — G1 — mEbekTUBHBIN romoMopdusmM rpymi. IIpo sjmemenTs! &, y U3BECTHO, UTO
OHU TIPUHAJJIEIKAT OJIHOMY KJIACCY CMEXKHOCTH II0 sifipy romomMopduima . Cieryer jm u3 3Toro,
qro & = Y7

Haitnure Boruer, o6paTHbiil 13 B MyJILTUILINKATUBHO Tpyiie Kojbia Z/109Z.
Pemure nuodantoso ypapaernue 23x — 33y = 2.
Pemure ypasaenne 17z = 9 B kosbie Z/(71).
Pemnre cucremy cpaBaeHuit

= 2 (mod 39)

= -2 (mod 29)

JlokazKuTe, 9TO MHOMKECTBO pelnenuil cpapuernust 22 = 1 (mod n) obpasyer noarpymy B Z/nZ.
Haiiure Bee pemenns cpapherus 22 = 1 (mod 200).
Permmute ypasrenne x2 — 1 = 0 B Koabie Z/1437Z.
Haiinure nopsiiok rpyibl 06paTUMbIX 3JeMeHTOB KoJiblia Z/480Z.
Haitsnre Topsi/IoK 37eMenTa t° B My IBTHIUIHKATUBHOf rpyine Kosbna Fr[t]/ (6 — 3).
Pemmure ypasnenne (t + 1)%z = 2 B xompue soraeros Q[t]/ (3 + 3t + 1).
IIpoBepbTe, SABIACTCS JI TOJIeM KOabIo Beraetos Fs[x]/(2% — 2 + 1).
Pasuer m 371 u 187! B moste u3 25 snemenTon?
[Ipo snemenTsl x, y mosist u3 169 asreMeHTOB U3BECTHO, UTO = = 2y. Clie/lyer Jiu U3 3TOro paBeHCTBO
122 = 37y?
3anaum cpejiHeit TPYJIHOCTH

Pemnure ypasuenne x2 o (14)(23)(7869) = (123)(456)(789) B rpymie Sy nepecTaHoBoK u3 9 aJie-
MEHTOB.

. Haiinure HanmenbIuit mopsigiok rpymmsl G, copepzkalieil mo KpaiiHeil Mepe ceMb 3JIeMEHTOB I10-

psanka 14.

JokaxkuTe, ITO KOJTMIECTBO JIEMEHTOB B KJIACCE COMPS2KEHHOCTH SBJISETCS JICJUTEJIEM TTOPSIKA
IPYHIBL.

Haitnure Bce K1acchl COMPSXKEHHOCTH B S11, KOTOPBIE COIEPKAT MEPECTAHOBKY IMOPsiaka 12.
CymectByer 1 roMOMOpdU3M IpyIIb Sg, SAPOM KOTOPOTO siBJisieTcs moarpynna (G, cocrosmast
U3 [EePECTAHOBOK, KOTOPBIE 3jieMeHT 1 1mepeBojisdT B cebst?

1

Iist KaKuX CPYIIl OTOOpaykKeHue T — T+ SBJISETCS aBTOMOPMOU3IMOM?!

Muorousenst  + 1 u 23 + 2 IpUHAIIEKAT OTHOMY KJIACCY BBIUETOB II0 MOIY/IIO Haeata I Koabla
Q[] MHOTOWTEHOB ¢ paruoHATbHBIME Koddbdurmentamu. JJokayKuTe, 9T0 MHOTOUIEHb 20 — 22 I
2% — 22 TaxiKe MpUHAIIEIKAT OJHOMY KJIACCY BBIYETOB II0 MOJYJIO Mieasa 1.

Haiimure HanGobImil 06t esuTess MHOroweHoB 8% — 1 u 23° — 1.
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Isycroponnnit umean I xonbia R MOpoxkI8H Becemu sjemMentamu Buja o2, rie @ € R. Jokaxkure,
YTO KOJIBIIO KJIaccoB BbI9eToB R/I anTHKOMMyTaTHBHO: ab = —ba Juist Beex a,b € R/1I.

JlokaxkuTe, 9T0 MHOYXKECTBO HUJIBIIOTEHTHBIX JIEMEHTOB KOMMYTATUBHOIO KOJIBIIA BMECTE C HYyJIe-
BBIM 3JIEMEHTOM 00pa3yeT Hieall.

MozkeT /i Iepecedenne IByX PA3IMIHBIX MAKCHMAJIBHBIX NEAI0B €BKINI0BA KOJIbIIA COJEPIKATD
[IPOCTOIT d1eMEHT?

Haiizure Bce romomopdusmer mosst Fg; B kosbrio seraeros Z/(81).
JlokazkuTe, UTO sl IPOCTOTO p cpapHerne 2 = 1 (mod p) WMeeT POBHO JBa PEITeHNs.
Haitsnre KosmuecTso perennii ypasuenus z2 + 14 = 0 B xosbie Z/(483).

Haiiure KOMIMIecTBO pereHuit ypaBHEeHUsT
P4 +r=1

(a) B moste u3 125 ssemenToB; (6) B moste u3 625 37€MEHTOB.
Haiimnre cymMy Bcex KBaJIpATUIHBIX BBIYETOB IO MOJIYIIO 323.
Haitnure Bce mepBooOpasHble KOPHU 110 MOIYJIIO 23.

[IpoBepbTe, sABJIAETCA JIH TOJIeM KOMbIo Beraeros Fr[z]/(z* — 22 + 1).

Tpyanasie 3amaun

JokaxkuTe, 9T0 MHOZXKECTBO TEX JIEMEHTOB ¢ TPyNibl (7, CONPSKEHNE KOTOPBIMH [HEPEBOUT HJ16-
MeHT a € G B cels, ABIAETCA HOArPYIIOH (HA3BIBAETCS HOPMAJIM3ATOPOM dseMmenTa). Haidiaure
HOpMaJsm3aTop nepecraHoBku (12345)(678) € Ss.

Haiimure mopsimok rpynmsl G = Aut(Cs x C3) aBToMOpMU3MOB IPSIMOTO TIPOM3BEJIEHUST JBYX
ruknaeckux rpyun Cs.

IMocrpoiite copbekTuBHbIi romomopdusM Aut(Cs x C3) — Sy.

Hoxaxkure, uyro B rpymmne G mopsiaka p', Tie p — MPOCTOe UYUCIO, HANJeTcs JIEMEHT z # e,
KOTOPBIII KOMMYTHPYET CO BCEMU 3JIEMEHTAMU IPYIIbL: z2g = gz jjisd Beex g € G.

JIoKasKnTe, 9TO KOJIMYeCTBO BHYTPEHHIX aBTOMOPMHU3MOB (T.e. aBTOMOPMU3MOB BUIA T +> grg 1)
KOHEYHOU I'DYNIBI JIEJUT HOPAJOK I'DYIIIIB.

HaiinTe KOMMIeCTBO HUTBIIOTEHTHBIX 3JIeMEHTOB B Koubie Fylx]/(x!4 + 27 + 2).

M3BeCTHO, UTO MEHHMAILHEIH MHOTOWIEH 3j1eMeHTa a € Fy pasen x2 + x + 1. Cremyer mu u3
5TOrO, UTO MHOTOWIeH x° + az? + a HempuBoANM B Kosmbie Fy[x]?

(a) a € F131 — KOpeHb MHOrOYJIEHA 22 — 2z + 4 B moste u3 121 smementa. Haiimnre Bo3MOKHBIE

suauenns a'2. (6) Tor e Bonpoc s Muorowiena 2 + 6x + 4.

IIycTs @ — mopoxKmarouil MyJIbTHIIINKATUBHON IpyHibl o Fgo. Halinure HanMenbryio cre-

nenb MHOTOusIeHa u3 Fo[x], KopaaMu Kotoporo saeistores a®, a’, ald.

YKaxKuTe CTEeHN HETPUBOJAMMBIX JIeJUTe/ el MHOTOUIEHA, 2?8 —1 ey [x].

CymecrByer s takoii MHOTOWIeH f € Fax] crenenn 10, 91O B €ro moJie pasjioKeHUsT HE MEHEe
230 51emenToB?

IIposepbTe, sIBJIsIeTCs /I TI0JIeM KoJbIo Beraeros Fi[z]/(x!t — z + 1).



